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Abstract—The problems of analysis and implementation of the algorithm of one-stage estimation of the radi-
ator location are considered. The method of cal culating the covariance error matrix for the one-stage algorithm
is proposed. The comparative analysis of one- and two-stage algorithmsis performed. It is shown that they have
equal accuracy when the signal-to-noiseratio isabove acertain threshold value. The advantage in the estimation
accuracy of the one-stage algorithm in comparison with the two-stage algorithm isrevealed at low values of the
signal-to-noise ratio, when abnormal errors of measurements take place.

INTRODUCTION

Recently, wide-base passive systems of finding the
location of radiators have been a subject of increasing
interest. Here, we assume that in a wide-base system,
the distance between the nearest receiving points is
much greater than the wavelength of the accepted sig-
nal and commensurable with the range to the radiator.

The difference range-finding system may serve as
an example of wide-base systems. In this system, the
problem of finding the location of aradiator is usually
solved in two stages. At the first stage, the time delays
between the signalsreceived by receiverslocated at dif-
ferent spatial points are estimated, and at the second
stage, the coordinates of the radiator are estimated on
the basis of the measured delays.

The united problem of estimating the location of a
radiator is considered in [1]. However, Chernyak per-
formed [2] the most complete study of this problem; he
constructed the optimum (with respect to the maxi-
mum-likelihood criterion) one-stage algorithm of esti-
mating the base delay vector, which is uniquely con-
nected with the coordinates of the radiator. Thismethod
may be treated as an agorithm of estimation of the
coordinates themselves. Unlike this paper, where the
coordinates of the radiator are the measured parame-
ters, in [2], the vector of independent delaysistaken as
aset of estimated parameters; the dimensionality of this
vector equals two or three, respectively, when the situ-
ation on aplane or in space is considered.

In this paper, we consider the one-stage algorithm of
optimum estimation of coordinates and the two-stage
coordinate meter, in which, at the first stage, the delays
are measured by the optimum maximum-likelihood
method, and at the second stage, the coordinates are
also estimated by an optimum method. We use a model
of asigna that differsfrom the method proposedin[2].
In fact, we assume that the differences of phases of sig-
nals between the first and other receiving points are
independent, rather than the differences of the

unknown phases of signalsat inputs of receiving points.
We also consider asimpler heuristic technique of find-
ing the solution that coincides essentially with the one-
stage algorithm [2]; the difference is that, in our algo-
rithm, the maximum is determined with the help of
scanning in the space of coordinates and not in the
space of base delays. We propose a procedure and cal-
culate the potential accuracy for one- and two-stage
algorithms.

The analysis has shown that one- and two-stage
algorithms have identical accuracy when errors of mea-
surements are small. However, it does not mean that the
estimates of the coordinates of radiators obtained by
the two-stage method are optimum. This is especially
clear at small values of the small signal-to-noise ratio,
when abnormal errors of measurements are revealed.
The results of computer simulation show that the one-
stage agorithm considered in this paper has a lower
threshold signal-to-noise ratio that provides regular
operation conditions of the meter.

1. STATEMENT OF THE PROBLEM

We have a radiator (R) that radiates a narrow-band
signal s(t) located in a frequency range covering the
interval from f, to f,. Thissignal is accepted by N spa-

tially separated receivers Rec, (n = 1, N) of the mea-
suring system and is mixed with noise &,,(t). The signal
and noise are ergodic stationary independent Gaussian
processes with zero mean. We assume that the received
signals are either relayed or transmitted in a digital
form to the central processing unit (CPU). Additional
delays between the relayed signals caused by different
distances between the receivers and CPU are compen-
sated for, and the receiver timers are synchronized
when analog-to-digital transformation of a signal is
performed with an accuracy up to a certain nonrandom
unknown quantity X. The value of X may be equal to
severa periods of the signal (one period equals 1/f;,
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where f, = (f, + f))/2 is the center frequency), and the
condition X,,.,.2Ar << 1 must be fulfilled, where Ar =
(f,— f)/2 and 2Ag < f,. Thus, a model of signals
observed in CPU can be presented in the form

Ya(t) = sy(t) +&a(H). o))

In the frequency domain, we have

Ya(f) = Si(F) +=n(1),
where

+00

Ya(f) = _[yn(t)exp(—jZTfft)dt = F(ya(1);

Si(f) = F(si(1)), =a(f) = F(&a(1));
F isthe operator of the Fourier transform; s,(t) = a,s(t -

D,) (n=1, N) istheuseful signal at theinput of the nth
receiver; a, is the attenuation factor of signal s(t) that
specifies the attenuation level when this signal passes
from radiator R to receiver Rec,,; D, = 1,(Z) + X, isthe
propagation time of signal s(t) from R to Rec,, [1,(Z) =
R.(2)/c)] plus the synchronization error (,); R(Z) =

J(Z.-2)(2,-2) is the distance from the radiator
to the nth receiver; cisthe propagation speed of thesig-
nal; Z = ||[Xg, Yr, Zz|[" are the coordinates of the radia-
tor; Z,, = |IX., Ya Z,|[l are the coordinates of the nth
receiver; and T denotes the transposition.

We estimate the coordinates of the radiator by the
maximum-likelihood method. Assume that the covari-
ance functions of signal s,(t) and noise &(t) (n= 1, N)
are known:

Kg (1) = M[sy(t)sy(t-T1)],
Ke (1) = MIE(DE(t-T)], M[s,()] =0, (2)
M[&,(t)] = 0.

According to model (1) of observed signas, the
covariance functions of the useful signals proper differ
only by the amplitude factors; therefore, al functions
can be expressed through one function, for example,
thefirst and then

Kq (1) = apK (1), 3)

wherea,, = a./a,, (a, = 1).

The signal and noise are independent; therefore, the
covariance function of the observed signal

Kynyn(T) = M[yn(t)yn(t_T)] = Ksn(.[) + KEH(T)- (4)

In order to simplify subsequent analysis, we intro-
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duce the designation K(1) = K (1) and set

Ks, (T, Dri) = M[sy(t)s(t—1)]
= anakKs(T_an)v

where an = Dn - Dk = Tnk(z) + Xnko Tnk(z) = Tnl(z) -
Tw(2); Ta(Z) = To(Z) = T(Z); Xnk = Xni — Xkt Xnl = Xn —
X;; and X is the synchronization error of the nth
receiver determined with respect to the kth receiver.

Taking into account (1) and (3) and the assumptions
that the signal and noise are independent and noise fac-
tors are mutually independent, we obtain

Kynyk(T’ an) = Ksnk(T’ an)- (6)

Using (3), we derive the expressions for the spectral
densities[3] of the considered signals and noise:

&)

+o00

Gy(f) = j Ks(T) exp(—j2mft)dr,
- (7
Ge (f) = J’Kan(T)exp(—jZTrfT)dT, n=1N.

+o00

Taking into account (4)—6), we obtain

+o00

Gy, () = IKynyn(T)eXp(—jZT[fT)dT

= 07G(f) + Gy (f),

- ®)
Gynyk(fi an) = IKYnYK(T’ an) exp(—J 2T[fT)dT

= a,0,G(f)exp(—j2rtD,,), n#Kk.

Thus, the mutual spectral density G, , (f, D) and
covariance function K, | (1, D) are known with an

accuracy up to unknown delay D, that depends on the
vector of the radiator coordinates Z and synchroniza-
tion error X,.

In order to obtain the representation for the likeli-
hood function (LF), we assumethat the signal islimited
in time and occupies the interval from -T_/2 to + T /2.
Assume aso that the observation time T, is much

greater than the maximum delay D, (N, k=1, N,
n # k) and the width of the correlation functions (corre-
lation intervals) of both the signal and noise. Then,

P(Y|Z,H) = Coexp[—%YTG_l(Z, H)YD}, 9)
where C, = 2m"N?|G(Z, H)|'/? is the normalization
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factor; H = |[x1, -+ X[

v = YT, .Y -1 ;

Y (@) = [ Yaal), o Y]
+To/2
Ysoli) = F [ a(Dep(-j2mi f0)ct
° 72
— — 1
1 i =01-1, fA=T—O;

G(Z,H)=M(YT, Y*) = diag(D(44i)A1A + Gg(i))D*) =
diag(“64(i)DA(1+ C(i))AD*) isthe IN x IN matrix con-
sisting of | x | submatrices of dimensions N x N such
that only the (i, j)th submatrices situated on the diago-
nal (ati=j,i,j=0, | —1) arenonzero matrices; al ele-
ments of matrix 1 are equal to unity; E is the unit

. . . . ()O
A = diag(a,); () = diag e =
matrix iag(a,); C(i) = diag HQS(I)G Ge(i) =

diag(%;, (i)); D(i) = diag(exp(—j21if\D,)) isthe N x N
matrix such that only its (n, k)th diagonal elements (at
n=k n, k=1, N) arenot equal to zero;

e (1) = FCe (110 Guli) = FC(if0).

Consider the direct N x N matrix Z =1 + X, where
X isthe diagonal matrix with elements X;...Xy. If we
take into account that the inverse matrix Z-! takes the
formZ-' = X-Y(E — 81X), 8= (1 + 1/X, + 1/X%, +
1/X\)~" (this expression can be easily derived by calcu-
lating the product of the direct inverse matrices), then
we obtain

G(Z,H) = diag%ﬁgl(i)DA‘lc‘lEE
O O
N 2 a1
—EIH ﬂs_('% C_%A_lDEH (10)
0 & %00 O 0
s(l) Q()DD[E

= dlagDDEGE i) - EIL+ Z )

where the elements of matrix Q(i) have the form

o ) = G600

IO R
G (0% () )
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Then,

N I-1

- coepll
P(Y|Z,H) = coexp%ré[z 3 ViV

n=1i=
]D
gk an
—ZnZlk Zﬂlz Yan(i)Yak(i)
xD G (id . o O
EIL ZW an(l)eXp(szfAan)}%

In relationship (11), normalization factor C, and the
first part of the expression under the exponent sign do
not depend on Z and H; therefore,

In(P(Y|Z,H)) = 2L(Z, H) + const,

where
L(Z,H) = Z > Z%n(l)%k(l)
n=1k=n+1i=

(12)
Slnk(l)eXp(JZHI fADni)-

s(u)
Z

If the observatlon time is sufficiently large, we have
Ypi) = = Yy(ify).

O
Then,
N-1 N -1

LZH)=F Y TUYiT)

n=1k=n+1li=0

y (|fA)D 0,0,G(i f,)
m Z G (iTa) [ Genli T) Gyl )

x exp(j 21 fADy) fa.
Passing to the limit f, —= 0, we obtain

N-1 N +®

Lz H)=5 ¥ J'%n(f)%f(f)

n=1k=n+1_

x exp{ j2mf D¢ df,

s(f)
here &(f)=U{(HYY(FxUyF)=
where ,(F)=U(F)Y(FxU(F) G(f)w

is the frequency characteristic of the input filter in the

13)
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2 Gs( f)
"G, (1)
the signal-to-noise ratio at the input of the nth receiver.

Taking into account the above assumption that
Xmax 2D <€ 1, we can write 216D, = T(f — f))X +
21T (Z) + 2T X = 2T (Z) + 2T X, because, in
this case, when f varies between f, and f,, the influence
of the term 21u(f — )X << TTON the result of integration
in negligible for al possible values of ¥,. Thus, the

synchronization error isrevealed asapurely phase vari-
ation of the signal. Hence,

nth channel (n=1, N, a, = 1), and q,(f) = a is

L(Z,H)
N-1 N 14
- Y Y cos@oxn t Bu@Lu@),
n=1k=n+1
where

Pu(Z) = arctan{ Im(L(Z))/Re(¥(Z))}

+00

Re(¥w(2)) = 2_[Ixn(f)llxk(f)l
0

x €os(21tf T, (Z) + ni( F))df

+00

Im(¥w(2)) = 2_[IXn(f)IIXk(f)I

x Sin(21f T (Z2) + ¢ F)) df
¢nk(f) = ¢n(f) - ¢k(f),
oi(H = arctan{Im(%X;(f))/Re(%;(f))} is the phase-
frequency characteristic of theith signal (i=nor k), and

22| = JIRE(Lo (2]’ + [IM(La(Z))]°

+00 +00

= 29 [ [NV ()
|:|O 0

12

x 00S(21( f —V)To(Z) + (§r(F) — dni(v))) dfdv E :

Thus, we can represent the optimum estimation
algorithm in the form

L(Z,H) =max for z =29 H=H. 15

We see that in order to search for the maximum
in (15), it is necessary to perform scanning both in the
space H (H O H)and 3 (Z 0 3). According totheclas-
sical procedure, when the maximum-likelihood esti-
mates of the vector H are obtained, it is necessary to
substitute them into the likelihood function (14), and
then to search for the maximum with respect to the
coordinates of the radiator. A similar procedure is per-
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formed in [2] when the maximum with respect to
delaysis determined under the assumption that the dif-
ferences of phases between al pairsof signalsareinde-
pendent (i.€., Xk # Xn1 — Xk1)- 1N this paper, we assume
that only the difference of phases between the signals
received by thefirst and other receivers are independent
(i.e., Xnk % Xn1 — X«1); @S has been pointed out in [2], this
assumption is more preferable from the practical view-
point. Note that, for the model proposed in [2], the
complete solution is obtained; however, for the case
under consideration, it is rather difficult to obtain an
explicit expression that does not contain a parasitic
parameter H. In this way, it is expedient to consider a
simpler agorithm inwhich the search for the maximum
isperformed only in the space 3 using the procedure of
maximization of the function

N-1 N

2=y T w2

n=1k=n+1

(16)

Thus, aheuristic (for the model of signal accepted in
this paper) estimation algorithm is equivalent to the
optimum (for the model of signal acceptedin [2]) algo-
rithm and has the form

$(2) = max for z = 2. (17)

The two-stage algorithm consists of two proce-
dures: optimum measurement of the vector of delays
and final optimum estimation of the radiator coordi-
nates (the term optimum is understood in the sense that
the sought after estimates are determined by the maxi-
mum-likelihood method). If we perform the same pro-
cedures that are used for deriving expressions (14) and
(16) and carry out synthesis not with respect to Z but
withrespectto T =||t,y, ..., Ty |[f, we obtain the follow-
ing rules for estimating the vector of delays: the opti-
mum algorithm

N-1 N
LT H) = 5 5 cos(2mfoXp+ Pp(T))
n=ik=n+l (18)
x 2,2?(T)| = max
forT=T? . H=H
and the heuristic algorithm
N-1 N |
$r(T) = Ll ()] = max
nzlk:Z+l (19)
for T = 'f(h),

where
o) (T) = arctan{ Im(Lpy (T))/Re(Lu (TN ;
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R@&U»zzT%amﬁdm
XwJZWTmi%ﬂfDﬁ,
(BUTU)—ZIWAUW%UN

X SN(21 T + @ i(F))df,

Tk = Tha— Tkas

20| = JIRe(@P (TN’ + Mm@ (T,

and & (f) and ¢, (f) have the same sense asin (14).

Thealgorithm of the second stage—the algorithm of
estimating the coordinates of the radiator—can be rep-
resented in the form [4]

7 =27,+B'S'B) B'SHT-T(Z,), (0)

where Z, = [X,Y,Z|[" are the coordinates of the sup-
porting point; T(Z,) = |[|%,,(Zy), ..., Tng(Zy)|[F isthe vec-
tor of delays corresponding to the supporting point

@) = ZR@) - R@) R =

A/(Zn_ZO)T(Zn_Zo) . Zn = XY Z,|[ are the coordi-

nate of the nth receiver]; S = M[(T - M(TH)XT -

M(T )T]; (BTS™B)! = MI(Z — M(Z))(Z — M(Z))T];

0T(n+11(Z)
or;

l, N_l, | = 1,W, rlsz, r2=YR, r3=ZR,W=2fOI’

aplane, and W = 3 for a space].

We see that the differences between one-stage algo-
rithm (15) [or (17)] and two-stage agorithm (18)
[or (19)] and (20) are as follows: in the first case, the
estimation of location of a radiator is performed by
scanning with respect to coordinates Z in order to find

an estimate Z that maximizes LF; when the two-stage

algorithmisapplied, first, the vector of delays T isesti-
mated that corresponds to the maximum of its LF, and
then the radiator coordinates are calculated by rule (20)

using the obtained vector T .

andB, = aretheelementsof matrix B [n =

2. ACCURACY OF ESTIMATING THE LOCATION
OF THE RADIATOR

The potential accuracy of estimating the coordinates
of aradiator by the optimum algorithm is determined
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by the Kramer—Rap matrix boundary ®y equal to the
inverse Fisher information matrix,

(1) (2
Dy = (I)KR Prr | D,

@, ®,
®, O,

The elements of matrices ®,, @, , and @, that form
the Fisher information matrix @ are described as fol-
lows:

where @ =

e D°L(ZH)Y
Fi __MD arar DDZ Zq

=HD

—1N 1

w35

o2 _ [@ L(Z,H)go
‘jpib - _M ar aXb DDZ ZD

H = A

(1)6'[ aTb
% 0r,ar,

"< oLz, H) 01,0
Z 01, 0rdr7=2g
H=HO

a=1

(z)aT
® 37 =2
[REr

d\l—l
=-MO) v
2,

3)

Fo) = -M(v

)DZ Zpy
tH=A0

where

v = ILZH) @
ab 01,01, = *

(3) — _ME@ L(Z, H) . i, j
b 0 ox.0x, OF 220

9°L(Z, H)
aTaaXb

=1,W,

a,b = 1, N—l, Ta = Tnl(Z)! Xa =
Differentiating (13) and calculating the expectation
at the point Z , H , we obtain

OL(EZH)
0 or, DDZ ZD

H = AD

Xn, N = a+1

N
Z Vi@+nson(a+1-i),

i=1
iza+1l

where

|(a+1)(f)df!

|(a+1)

sz

>0
an = 3 ¥70 . - TN
D—l, X<O
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Pas() = To(zn)zqa(f)qb(f)/[l+ > qn(f)}

n=1
N
(p) —
- z Pip+1, a=Db,
i=1
izb+1

ab=1N-1,

(p)
Pa+yp+y, azb,

p=13.
Here,

+oo +o0o

= 2If p_.(f)df, P = 2t [ fPa(f)df,
0

+o00

P = 2f2 J’Pab(f)df

Taking into account the symmetry of function g;(f)
with respect to the zero frequency, we obtain V', = 0,
which allows us to write the expression

® = B OB, Q1)
where
o, - (I)?) (D(z)

matrices (I)(l) be), and (I)(3) consist of the elements
B Oy
oy ' E

N-1

(1) (2 e
’ N-1

3
Vap » Vap » and v;b); RB =

(O\',“\,_l) isthe zero matrix consisting of N— 1 rows and
N -1 (W) columns; E isthe unit (N—-1) x (N=1)
matrix; and the e ements of matrix B are described in
the explanation for (20).

In the matrix ®yg, the element (I)(l) carries the
information on the accuracy of determination of coor-
dinates. Using the block Gaussian algorithm for invert-
ing the matrix, we obtain

o{ = (8'P'B) ", (22)
where P = (®" - P (@P)1(@?)Ty! is the
Kramer—Rao matrix boundary of the errors of estimat-
ing the vector of delays T.

Thus, expression (22) enables one to calculate the
accuracy parameters of the one-stage agorithm of
estimating the coordinates. When implementing algo-
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rithm (20), the matrix boundary P can be used as matrix
S. Inthis case, the expression (B"S'B)~! that describes
the covariance error matrix of estimating the coordi-
nates by the two-stage method (when this method is
applied, the vector of delays is estimated at the first
stage, and the coordinates of the radiator are estimated
at the second stage using the measured delays) coin-
cideswith (22). Hence, when errors of finding the loca
tion of aradiator are small, the potential accuracy of the
two-stage and optimum one-stage methods (according
to the latter method, the location is determined by the
direct processing of signals received by sensors posi-
tioned at different spatial points) are equal, which con-
firmsthe results obtained in[2, 5, 6].

Let us analyze the properties of matrix P. If the val-
ues of the signal-to-noise ratio are identical for all

receivers, i.e., gf) = g,(f) = qf), P(H) = P(f), and
PY = p® (j £, k=1, 3), then
P = P(NE-1). (23)

Here, all elementsof the (N— 1) x (N— 1) matrix 1 are
equal to unity;

P = P(l) _(P(Z))Z/P(3)

+00 +o00

p = 2J’f297>(f)df, p? = 2fOIfQP(f)df,
0
@ _ 2+m@ P(f) = 2_q(f)
p® = 2f0J' (F)df, P(f) = T,(2m) T+ NG(T)
0

The Kramer—Rao matrix boundary of the errors of
estimating the delays
P = ——(E +1). (24)

The diagonal elements of P are equal and can be

represented intheform 03 =2/PN. When the signal-to-
noise ratio is uniform in the frequency band 2A: = F, —

FLab=q PH=P,PO= %Aﬁ + 4fgAEP, PO =

[=1E) =4f§AF9]>, and P = gA,EQP, we can write
ol = _3(1+Ng) (25)

8T ANG

Note that, for a sufficiently large value of the signal-
to-noise ratio, the two- and one-stage algorithms have
identical accuracy described by (I)KQ However, when

the signal-to-noiseratioissmall, (I) ) will not describe

the accuracy of determination of the radiator coordi-
nates any longer. Sinceit is hardly possible to examine
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such situations analytically, one should apply in this
case the method of computer modeling.

We note al so that there is no rigorous mathematical
substantiation of heuristic algorithm (19) (for the
model of signal accepted in this paper); therefore, the
optimum and heuristic one-stage algorithms should be
compared using the computer modeling.

3. RESULTS OF SIMULATION

The algorithms described in this paper wereimple-
mented using an IBM PC/AT. We compared algo-
rithms (18) and (19) of measuring the vector of delays, as
well as the two-stage (18) and (20) and one-stage (15)

Y, km

o 60 )

| |

|

! 40+t - OR :

| 1 |

| | |

| 1 |

| | |

| | |

| I |
'Rec; Rec,| 10'Rec;  'Recy

(-36.0) (-12.0) (12.00 (36.0) X,km

Fig. 1.

G(f), WHz
10~
N N
Jo—64 fo-32 fo fo+32 fo+64 f,kHz
GEl(f)’ W/HZ
10
1k |
fo—64 Jo fo+64 f kHz
Gzz(f), W/HZ
10+
1k —|
.f0—64 fo f0+64 f;kHZ
Gea(f). W/Hz
10
1 -
Jo—64 fo fo+64 f kHz
Gea(f), W/Hz
10
1k 1
Jo—64 Jo fo+64 f kHz

Fig. 2.
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procedures of estimating the coordinates on a plane.
The geometry of arrangement of radiator R and receiv-
ers Reis shown in Fig. 1. The dashed line denotes the
domain, in which the location of the radiator is deter-
mined (it is known a priori that the radiator is located
in the selected domain). The number of receivers N is
equal to four. We assume that the signal and noise are
Gaussian and mutually independent; their spectra are
shown in Fig. 2; the observation time T, = 0.5 ms; and
the quantization interval T, = 0.5/1024 ms. The useful
signal of the first receiver was generated in the fre-
guency domain. The spectra of signals of other receiv-
ers were obtained by multiplying the first spectrum by
the quantity exp(—j2mf kD,,), where f, = _% =2 kHz
o
(k= 0,1023, n= 1, 4). Then, the useful signals were
mixed with noises that were independently generated
for each separate channel and come to the inputs of
measuring units that implemented algorithms (18) and
(19), (18) and (20), and (15). Here, it isnecessary to tell
about implementation of optimum algorithms (15) and
(18). In spite of thefact that the scanning should also be
performed in the space  (H O 9), it does not cause
substantial temporal losses. In fact, L(Z, H); _ cong @d
L(T, H)t _ cong @€ sSmooth functions, and one can easily

determine their maxima, when H = H , by any numeri-
cal method performing several iterations. Thus, the

search for maxima of functions L(Z, H ) and L(T, H)
issimilar to the search for maximaof L(Z) and L(T).

The table summarizes the results of comparative
analysis of the optimum (18) and heuristic (19) algo-
rithms of estimating the vector of delays T =
1%, T3, T4l [" Here, py,, = 10log(u,) and p, multiplies
the spectral density of the signal power presented in
Fig. 2 (the signal-to-noiseratio averaged with respect to
power; unlike g, this quantity does not depend on f).
The variance of measurements of the ith delay is esti-

mated as var!” = Ni_lzh“‘":l(ffﬂ) —1;)%, where N is
the number of tests; ‘[it isthe true value of T, ;) ffﬁ)
is the estimate of 1, at the nth test by the optimum

(h=1) and heuristic (h = 2) methods (i = 1, 3). Thethe-
oretical values of variances, i.e., the diagonal elements
of P, are denoted by vary;. The number of tests N =
1000. The boundaries of the 95% confidence interval

areequa t00.93 vari(h) and 1.08vari(h) (see[7], p. 303).

As can be seen from the table, the data obtained by
the method of modeling are sufficiently close to theo-
retical values of var;. In addition, the optimum and
heuristic algorithms have almost identical accuracy.
Note that the same results were obtained when theoret-
ical variances were investigated for a large array of
other initial data. Thus, the results of simulation con-
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Table

Hiog vargl) , ms? vargl),ms2 varél) , ms? Vargz) , ms? vargz) , ms? varéz),ms2 varyy, ms? | vary,, ms? | vary;, ms?

20 9.98 x 102(9.94 x 107{1.40 x 1078[9.97 x 1072|9.95 x 102|1.41 x 1078[9.96 x 1072|9.96 x 10°[1.37 x 10°8

15 3.20 x 10°8(3.22 x 1078(4.42 x 108(3.21 x 1078|3.24 x 1078]4.41 x 10°8|3.17 x 1073|3.17 x 108|4.36 x 10~8

10 1.05 % 107(1.04 x 1077 1.41 x 1077{1.06 x 1077 [1.07 x 1077{1.47 x 107{1.03 x 1077 |1.03 x 1077|1.41 x 10~

5 3.51 x1077|3.50 x 1077 {4.80 x 1077|3.52 x 1077|3.60 x 1077 |4.81 x 1077|3.47 x 1077 |3.47 x 1077|4.76 x 1077

0 1.57 x 1070(2.16 x 107°(7.40 x 107*[1.63 x 107°|2.26 x 107°|7.38 x 107#[1.28 x 107°|1.28 x 107°|1.75 x 10°°

firm the conclusions

obtained earlier by analytical

In order to explain the reasons of this advantage,

methods.

The comparative analysis of the one-stage (15) and
two-stage (18) and (20) algorithms was performed in
the following manner. We assumed that, unlike the pre-
vious case, the signal and noise have rectangular spec-
tra with the width 2A; = 128 kHz; the signal-to-noise
ratio q is identical all four receivers. In the two-stage
algorithm, first, the time delays between signals were
estimated by optimum rule (18). Then, the coordinates of
the radiator were estimated on the basis of the measured
delays by known optimum agorithm (20). The one-
stage agorithm is based on expression (15). Note that,
for the minimum value N = 3, the one-stage a gorithm
has no advantages over the two-stage algorithm, since
the second stage of thelatter contains only one equation

Z =Z,, thus, the two-stage algorithm consists actually
of thefirst stage.

We have chosen the probability of abnormal esti-
mate of the radiator coordinates as the performance cri-
terion of these two algorithms (one- and two-stage);
namely, the probability that the module of error

JOZ+ DT (b= X —Xgand A, = ¥ - Yy, where X, ¥
and Xz, Yz are, respectively, the measured and true
coordinates of the radiator) exceeds the value

SA/of + 05, where of and 03 are the diagona ele-
ments of matrix (I)ff,% .

Figure 3 shows the dependence of the probability of
abnormal estimate P,,, on the signal-to-noise ratio g.
We see that, for the chosen conditions, the synthesized
one-stage agorithm (curve 1) has an advantage over the
two-stage agorithm (curve 2) by approximately
2-3dB. The given circumstance is explained by the
fact that when the signal-to-noi se ratio decreases bel ow
the threshold value, false modes begin to appear in
addition to the main maximum of LF corresponding to
true parameters of the signal; these modes are arbi-
trarily located in space of the search and their level is
commensurable with the main extremum. In a broader
aspect, this problem isdiscussed in [2].
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consider atypical situation when the level of noise has
attained the value at which a false peak appears at a

point T that slightly exceedsthe level of the main max-
imum corresponding to the point T'. This means mal-
function of the system and obtaining arbitrary values of

the measured parameters. In this case, we think that it
isquite logical to select the maxima, at which the con-

dition Zjm = Zik (i—j|+ k—m/£0,i,j,n,m=2,N)is
fulfilled, where Zm= [|Xjm¥jm |J are the coordinates
obtained at the points of intersection of the lines of
position corresponding to the estimates of delays T,

and T, . Thissituation isillustrated by Fig. 4; the solid

Pabn
051
b L
3, N 0.3F
\2 \q B
o 0.1+

-6 -4 2 0 2 4 6 ¢g,dB

®Recy

Fig. 4.
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lines are hyperbolas that correspond to delays T =
[T T34 [[, @ which LF Li(T, H) [or £+(T)] attains
the global maximum.

We see that the coordinates Z 32, Z42, and Z 43 cal-
culated using these algorithms differ substantialy.
Hence, when estimating the coordinates at the second
stage by algorithm (20), we determine the location of
the radiator with a large (abnormal) error. The dashed
hyperbolas are constructed for the second largest mode
of function L(T, H) [£+(T)]. Here, the second mode
of Lt(T, H) (£1(T)) attains its maximum at the point

T' = |[intata . The points of intersection of the
lines of position corresponding to the maximum of the
second mode give the coordinates Z3, Zi2, and Z 43
that are concentrated around one point; i.e., 2 ~

Zi = Zi3. Thisis an additional reason that confirms
the following statement: in order to decide the coordi-
nates of the radiator, it is expedient to choose the max-
imum of the second mode and not of the first in spite of
the fact that the maximum of the first mode is greater
than the maximum of the second mode (other tech-
niques for eliminating abnormal errors are known; for
references, see, for example, [2, Chapter 15.4]). The
one-stage algorithm automatically uses this informa-
tion. Therefore, the probability of normal estimation of
the radiator coordinates obtained by the one-stage algo-
rithm is higher in comparison with the two-stage algo-
rithm.

CONCLUSION

The analysis of the optimum and heuristic ago-
rithms performed in this paper shows that the measure-
ment accuracy of both algorithmsis almost equal.

The two-stage procedure of estimating the location
of a radiator comprises estimation of the vector of
delays between the accepted signals by the maximum-
likelihood method and estimation (using the measured
delays) of the coordinates of a radiator by the same
method. This procedure may require an additional
elimination of abnormal errors of measurements. In
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thiscase, it isexpedient to analyze the operation quality
of the algorithm of measuring the coordinates by com-
paring this algorithm with the one-stage procedure of
estimating the location of the radiator; in fact, within
the framework of the statement of the problem pro-
posed in this paper, the latter procedure may be consid-
ered optimum on the whole. The analysis of the one-
stage algorithm and its comparison with the two-stage
procedure allows us to conclude that when the coordi-
nates of low-power radiators are determined and the
power of accepted signals is commensurable with
noise, it is reasonable to use the one-stage algorithm
that has a lower threshold signal-to-noise ratio provid-
ing regular operation conditions of the system. At the
same time, when choosing an algorithm for finding the
location of relatively powerful radiators, one should
give preference to the algorithm which admits smpler
implementation under specific operation conditions of
asystem of finding the location of radiators.
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